We give a general criterion for permutation polynomials of the form x r f (x (q−1)/l ), where r ≥ 1, l ≥ 1 and l | (q − 1). We employ this criterion to characterize several classes of permutation polynomials.
Introduction
Let p be prime and q = p m . A polynomial is a permutation polynomial (PP) of F q if it induces a bijective map from F q to F q . In recent years, there has been a lot of interests in studying permutation polynomials, partly due to their applications in coding theory, combinatorics, and cryptography. For more background material on permutation polynomials we refer to [1, Chapter 7] . For a detailed survey of open questions and recent results see [2] [3] [4] .
In general, it is a challenging task to characterize permutation polynomials. In fact there are only a few classes of permutation polynomials that are known. Many examples of permutation polynomials can be constructed as subclasses of polynomials of the form x r f (x (q−1)/l ), where r ≥ 1, l ≥ 1 and l | (q − 1). More precisely, we observe that any polynomial h(x) ∈ F q [x] can be written as a(x r f (x (q−1)/l )) + b, for some r ≥ 1 and l | (q − 1). To see this, without loss of generality, we can write
where a,a n−ij =0, j = 1,...,k. Here we suppose that j ≥ 1 and 
where
In this paper, we give another general criterion (Theorem 2.2) for PPs of the form P(x) = x r f (x (q−1)/l ). It turns out that by employing our criterion we can give a unified treatment of several classes of permutation polynomials. Along the way, by applying our theorem, we construct some new classes of permutation polynomials, and give simplified proofs for some known classes of permutation polynomials. They include the class of polynomials of the form P(x) = x r f (x (q−1)/2 ) (Corollary 2.4), the class of polynomials of the form P(x) = x r f (x (q−1)/l ) such that f (ζ) (q−1)/l = 1 for all l-th roots of unity ζ (Theorem 3.1), and the class of polynomials of the form
The structure of the paper is as follows. In Section 2, we prove our new criterion. Then we describe some applications of this criterion in Sections 3 and 4.
A general criterion
Lemma 2.1. Let l | q − 1 and μ l be the set of all distinct l-th roots of unity in F q . Let ξ 0 ,ξ 1 ,..., ξ l−1 be some l-th roots of unity. Then
Proof. First note that for an l-th root of unity ξ, we have
We have
We consider h as a function from μ l to F q . Since the degree of h(x) is less than or equal to 
Proof. If P(x) = x r f (x s ) is a PP, then for a primitive l-th root of unity ζ, f (ζ i ) =0 for i = 0,...,l − 1. Moreover, (r,s) = 1. This is true, since otherwise (r,s) = e > 1. Let ω be a primitive e-th root of unity. Then P(1) = P(ω), and P(x) is not a PP.
So suppose that conditions (i) and (ii) are satisfied. Let g be a primitive element of F q . We know that P(x) is a PP if and only if P(g k ) for k = 1,..., q − 1 are all distinct. Let k = ld + t where 0 ≤ t < l. Then 
is the residue class
primitive element of F q .
In [6] , Niederreiter and Robinson proved that for odd q, the binomial x (q+1)/2 + ax is a PP if and only if η(a 2 − 1) = 1. Here η is the quadratic character of F q with the standard convention η(0) = 0. Next corollary gives a generalization of this theorem.
Proof. In Theorem 2.2, let l = 2. Then the result is evident since
A version of the previous corollary is due to Wan, see [7, Theorem 4 .1].
First application
The following is a consequence of our general criterion.
Proof. We have
This is zero if and only if (l,r) = 1.
Next we show that how the above theorem can result in a unified and simplified treatment of some known classes of PPs. As a special case of Theorem 3.1, we have the following result of Wan and Lidl (see [5, Corollary 1.4] 
Proof. This is true since if we set
The result follows from Theorem 3.1.
We next consider a class of PPs with coefficients in some appropriate subfield which has been studied in [9] . Special cases of Corollary 3.3 has also been considered in [10, 11] .
for any t = 0,...,l − 1 if and only if (lp,k + 1) = 1. 
